The subdivision graph S(Σ) of a connected graph Σ is constructed by adding a vertex in the middle of each edge. In a previous paper written with Cheryl E. Praeger, we characterised the graphs Σ such that S(Σ) is locally (G, s)-distance transitive for s ≤ 2 diam(Σ) − 1 and some G ≤ Aut(Σ). In this paper, we solve the remaining cases by classifying all the graphs Σ such that the subdivision graphs is locally (G, s)-distance transitive for s ≥ 2 diam(Σ) and some G ≤ Aut(Σ). In particular, their subdivision graph are always locally G-distance transitive, except for the complete graphs.
Introduction
In this paper all graphs are simple, undirected and connected, that is to say, a graph Σ consists of a vertex-set V Σ and a subset EΣ of unordered pairs from V Σ, called edges, and for any two vertices u, v there is a 'path' {u 0 , u 1 , . . . , u m } with each {u i , u i+1 } an edge and u 0 = u, u m = v.
The subdivision graph S(Σ) of a graph Σ is defined as the graph with vertex set V Σ ∪ EΣ and edge set {{x, e}| x ∈ V Σ, e ∈ EΣ, x ∈ e}.
Informally, S(Σ) is the graph obtained from Σ by 'adding a vertex' in the middle of each edge of Σ. Note that S(Σ) is bipartite with bipartition V Σ and EΣ. We have proved in [2] that the diameter of S(Σ) is equal to 2 diam(Σ)+δ for some δ ∈ {0, 1, 2}. Observe that Aut(Σ) can be identified with a subgroup of Aut(S(Σ)), and we proved in [2] that, with the exception of Σ being a cycle, we have Aut(Σ) = Aut(S(Σ)). From now on, we will always consider groups G ≤ Aut(Σ), acting on Σ as well as on S(Σ). Various symmetric properties of subdivision graphs were studied in [2] , in particular their local (G, s)-distance transitivity.
Let Γ be a graph with diameter D, and let G be a subgroup of AutΓ. We denote by Γ i (x) the set of vertices of Γ at distance i from x. For 1 s D, we say that Γ is locally (G, s)-distance transitive if for all x ∈ V Γ, G x is transitive on Γ i (x) for 1 i s, and we say that Γ is locally G-distance transitive if it is locally (G, D)-distance transitive. It is known that, for a locally (G, 1)-distance transitive graph Γ, either G is transitive on V Γ, or G has two orbits on vertices and the graph is bipartite (see Lemma 2.1 of [2] ).
In [2] , we characterised the graphs Σ such that Γ = S(Σ) is locally (G, s)-distance transitive for s ≤ 2 diam(Σ) − 1. We started exploring the case where s ≥ 2 diam(Σ), and classified all such graphs with s at most 5. In this paper, we extend this result to all s.
We now state the main result of this paper.
Theorem 1.1. Let Σ be a connected graph of diameter d ≥ 2, and let G ≤ Aut(Σ) . Let also S(Σ) be the subdivision graph of Σ. Then the following are equivalent:
(b) Σ and G are as in the first two columns of Table 1; (c) S(Σ) is locally G-distance transitive. 
and G contains a duality 2( , q) ) and G contains a duality 2(
)and G contains a duality 2(
Comments on Table 1: (a) The last 4 columns give more information on the graph Σ, namely its number of vertices, its girth g, its diameter d and the diameter D of S(Σ).
(b) We denote by Inc(G), the incidence graph of the corresponding rank 2 geometry G, which is a bipartite graph (points/lines (ii) for u 1 ∈ ∆ 1 , G u 1 is transitive on (∆ 1 \ {u 1 }) × ∆ 2 ; and (iii) for u 1 ∈ ∆ 1 and u 2 ∈ ∆ 2 , the stabiliser G {u 1 ,u 2 } interchanges u 1 and u 2 , and is transitive on
Remark 1.2. If Σ has diameter 1, then Σ is a complete graph K n , and this case was completely treated in [2] . In particular, S(K n ) is locally (G, 2)-distance transitive if and only if G is 3-transitive on V Σ (or G = S 2 if n = 2). For n = 2 or 3, S(K n ) is locally (G, 2)-distance transitive if and only if it is locally G-distance transitive. However, for n ≥ 4, S(K n ) is locally G-distance transitive if and only if G is 4-transitive on V Σ, or n = 9 and G = PΓL (2, 8) . Because the conditions on G for S(Σ) to be locally (G, 2)-distance transitive or locally G-distance transitive are different, we excluded this case from Theorem 1.1.
The main tool for proving Theorem 1.1 is Lemma 2.6, where we prove that a connected graph of valency k ≥ 3, girth g and diameter d whose subdivision graph is locally (G, 2d)-distance transitive is a (k, g)-cage (see Section 2 for definition).
In [2] , we proved that if S(Σ) is locally (G, s)-distance transitive for 2d ≤ s ≤ D = 2d + δ and if Σ has valency at least 3, then s is at most 14 + δ. The following Corollary 1.3, which follows immediately from Theorem1.1 and Table1, improves this result. 
Preliminary results
Before we prove our main theorem, we are going to state a few more definitions, and prove some necessary Lemmas.
The line graph L(Γ) of a graph Γ is defined as the graph with vertex set EΓ and edges {e 1 , e 2 }, for e 1 , e 2 ∈ EΓ such that e 1 ∩ e 2 = ∅. The distance 2 graph of Γ is the graph Γ [2] with the same vertex set as Γ but with the edge set replaced by the set of all vertex pairs {u, v} such that d Γ (u, v) = 2. If Γ is connected and bipartite, then all vertices at even Γ-distance from v lie in the same connected component of Γ [2] , and all vertices at odd Γ-distance from v lie in another connected component, and hence Γ [2] has two connected components.
Note that for a connected graph Σ, by definition, the subdivision graph S(Σ) is bipartite, and so the distance 2 graph of S(Σ) has two connected components Σ and L(Σ). The following Lemma gives more details about the connected components of the subdivision graph S(Σ) when S(Σ) is locally (G, 2d)-distance transitive.
Proof. Since S(Σ) is locally (G, 2d)-distance transitive, in particular it is locally (G, 1)-distance transitive. Note also that G is intransitive on the vertices of S(Σ). Therefore, by [2, Lemma 2.1], G has two orbits on the vertices of S(Σ), namely one corresponding to the vertices of Σ and one to the edges of Σ. In other words, L(Σ) and Σ are G-vertex transitive. Note that the distance in S(Σ) between two vertices in the same bipart (that is, either two vertices of Σ or two edges of Σ) is even, and so is at most 2d.
where u, v ∈ V Σ and e, f ∈ EΣ. Since S(Σ) is locally (G, 2d)-distance transitive, we have that the two graphs Σ and L(Σ) are locally G-distance transitive. Since they are also vertex-transitive, they are G-distance transitive. Table 2 .
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The following bound is easy to calculate, See Theorem 1.1 in Chapter 6 of [5] for instance. Lemma 2.4. Let Σ be a regular graph of girth g and valency k. Then |V Σ| ≥ n 0 (k, g) where
if g is even.
Definition 2.5. Let Σ be a regular graph of girth g and valency k. Then Σ is called a (k, g)-cage 1 if |V Σ| = n 0 (k, g).
The following Lemma 2.6 is a reduction result which plays an important role to prove our main theorem. Lemma 2.6. Let Σ be a connected graph of diameter d, valency k ≥ 3, girth g and G ≤ Aut(Σ). Suppose that Γ = S(Σ) is locally (G, 2d)-distance transitive. Then Σ is a (k, g)-cage. Moreover g ∈ {3, 4, 5, 6, 8, 12}.
Proof. Let D = diam(S(Σ)). We have seen in [2] that 2d ≤ D ≤ 2d + 2. Suppose first that D = 2d or 2d + 1. By Lemma 2.1, Σ and L(Σ) are G-distance transitive, and so by [1] , Σ is a (k, g)-cage.
Now suppose that D = 2d + 2. Then Γ contains two vertices at distance D, and since D is even, they are in the same bipart of Γ. Since d Γ (u, v) = 2d Σ (u, v) ≤ 2d for u, v ∈ V Σ, we must have two edges e = {x, y}, f = {u, v} ∈ EΣ such that d Γ (e, f ) = 2d + 2. We can see easily that therefore
By Lemma 2.2, we know that 2d ≤ g ≤ 2d+1. Suppose that g = 2d. Then there exists e ′ = {x
There also exists f ′ = {w, u} ∈ Γ 2d (e) such that d Γ (e, u) = 2d + 1 and d Γ (e, w) = 2d − 1. Note that G e cannot map f ′ to e ′ , and so we get a contradiction to the fact that Γ is locally (G, 2d)-distance transitive. Thus g = 2d + 1. Moreover all edges in Γ 2d (e) have one vertex in Γ 2d−1 (e) and one in Γ 2d+1 (e).
All the vertices of Σ are at an odd distance (in Γ) from e, and so |V Σ| = |Γ 1 (e)| + |Γ 3 (e)| + . . . |Γ 2d+1 (e)|. It follows easily from g = 2d + 1 that
We now want to determine |Γ 2d+1 (e)|. Recall that u ∈ Γ 2d+1 (e). Since g = 2d + 1 and we have d Σ (u, x) = d Σ (u, y) = d, there exists a d-geodesic of Σ from u to x and a d-geodesic of Σ from u to y. If these two d-geodesics shared the same first edge, then Σ would contain a cycle of length less than 2d − 1, a contradiction. So u is contained in at least two edges in Γ 2d (e). If u was on at least three edges in Γ 2d (e), then there would be at least two d-geodesics of Σ from u to say x, by the pidgeon-hole principle, and so there would be a cycle of length at most 2d in Σ, a contradiction. So u is on exactly two edges in Γ 2d (e) and on k − 2 edges in Γ 2d+1 (e). Notice also that since g = 2d + 1, there is no edges in between vertices of Γ 2d−1 (e). To determine |Γ 2d+1 (e)|, we now count the number of edges in Γ 2d (e) in two ways. We recall that all such edges have one vertex in Γ 2d−1 (e) and one in Γ 2d+1 (e). Hence
This equality is easily shown by induction. Since g = 2d + 1, we have |V Σ| = 1 +
When Σ is bipartite, the diameter of S(Σ) is determined.
Lemma 2.7. Let Σ be a bipartite graph and Γ be its subdivision graph, denoted by S(Σ). Then diam(Γ) = 2 diam(Σ).
Proof. Note that in a bipartite graph Σ, if {x, y} is an edge, then for any
Finally, let e, e ′ ∈ EΣ where e = {x, y} and e
As before that minimum is less than or equal to diam(Σ) − 1, and so
Finally, we will need the following Lemma about (k, 6)-cages. Lemma 2.8. Let Σ be finite, connected, undirected graph and G ≤ Aut(Σ). If Σ is a G-distance transitive (k, 6)-cage, then Σ is the incidence graph of a Desarguesian projective plane of order k − 1, where k − 1 is a prime power q and PSL(3, q) ≤ G ≤ Aut (PSL(3, q) ).
Proof. Since Σ is a (k, 6)-cage, by [8] , Σ is the incidence graph of a projective plane P of order k − 1. For all points p, q, p
Hence G is 2-transitive on the points of P. Therefore, by the Ostrom-Wagner Theorem [7] , P is Desarguesian, k − 1 is a prime power q, and PSL(3, q) ≤ G ≤ Aut (PSL(3, q) ).
Proof of main theorem
In this section, we prove Theorems 1.1.
In what follows, suppose that Σ is a connected graph with diameter d ≥ 2, girth g and G ≤ Aut(Σ). Also let S(Σ) be the subdivision graph of Σ. Set D := diam(S(Σ)).
(a)=⇒ (b)
Suppose that S(Σ) is locally (G, 2d)-distance transitive. By Lemma 2.1, G is transitive on the vertices of Σ, and so Σ is regular, with valency k.
Suppose first that Σ has valency k = 2. Since Σ is connected, Σ is a cycle C n (n ≥ 3), which has diameter d = ⌊n/2⌋ and girth n. We have that S(Σ) is a cycle C 2n . Since S(Σ) is locally (G, 2d)-distance transitive, it is easy to see that G must be D 2n = Aut(Σ).
From now on we assume that the valency k is at least 3. By Lemma 2.6, we have that Σ is a (k, g)-cage and g ∈ {3, 4, 5, 6, 8, 12}. By Lemma 2.2, if g is even, then d = g/2, and if g is odd, then
Suppose g = 4. Then d = 2. Since S(Σ) is locally (G, 4)-distance transitive, this case was covered in [2, Theorem 1.4], where we proved that Σ = K n,n and G is a subgroup of S n ≀ S 2 satisfying Condition (*), see the introduction. Since k ≥ 3, we have n ≥ 3. Since Σ is bipartite, D = 4 by Lemma 2.7.
Suppose g = 5. Then d = 2 and Σ is a (k, 5)-cage. By [4] , k = 3 or 7. If k = 3, then Σ is the Petersen graph. We have seen in [2] that if the subdivision graph of the Petersen graph is locally (G, 4)-distance transitive, then G = S 5 . If k = 7, then Σ is the Hoffman-Singleton graph HoSi. We have seen in [2] that if the subdivision graph of HoSi is locally (G, 4)-distance transitive, then G = P SU (3, 5) Table 2 can happen here, so Σ is the incidence graph of a generalised polygon. It follows then that g = 2d. Moreover, since Σ is bipartite, D = 2d by Lemma 2.7. We also know that G contains a duality, since G is transitive on V Σ. If we are in Line 1, 2, or 4 of Table 2 , we are done.
Suppose we are in the case of Line 3, that is Σ = Inc(W (3, 2) ), s = 4 and G ′ = A 6 . Then G = S 6 , PSp(4, 2), PGL(2, 9) or M 10 . The first two cases cannot happen because they don't contain a duality of W (3, 2). Consider the case of G = PGL (2, 9) . We claim that PGL(2, 9) e has two orbits on S(Σ) 8 (e), for e an edge of S(Σ), and consequently S(Σ) is not locally (P GL(2, 9), 8)-distance transitive.. Note that e represents a chamber (that is, a point-line flag) of the generalized quadrangle W (3, 2), and S(Σ) 8 (e) consists of the chambers opposite e (in the sense of the generalised polygons/buildings). The action of PGL(2, 9) on chambers can be seen as the action on the 45 unordered pairs of the projective line PG(1, 9), with two pairs {a, b} and {c, d} representing opposite chambers if they are disjoint and the cross-ratio (a, b; c, d) is a non-square in GF(9), see [3] . then it is straightforward to see that G e , that is, the stabiliser of a pair in PGL(2, 9) has order 16 and two orbits of size 8 on opposite chambers, that is, S(Σ) 8 (e). Notice that the action of A 6 ∼ = PSL(2, 9) on chambers of W (3, 2) can be described similarly. In this case the stabiliser of an unordered pair has order 8 and is semi-regular, so PGL(2, 9) e and PSL(2, 9) e have the same two orbits on S(Σ) 8 (e). Hence we must have G = M 10 .
The only remaining case is if g = 6, and Σ is (G, 3)-transitive. Note that Σ is a (k, 6)-cage. By Lemma 2.1, Σ is G-distance transitive, and so by Lemma 2.8, Σ is the incidence graph of a Desarguesian projective plane of order q = k − 1 and PSL(3, q) ≤ G ≤ Aut (PSL(3, q) ). But, by [6] , Σ is (G, 4)-arc transitive in this case, a contradiction.
